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APPPLICATIONS OF RADON-NIKODYM THEOREMS
TO MARTINGALE CONVERGENCE

BY
J. J. UHL, JR.

Introduction. The subject of convergence of martingales of functions with
values in a Banach space was first treated by Scalora [17] and Chatterji [3] who
independently showed that a martingale of functions with values in a reflexive
Banach space obeys roughly the same basic convergence theorems as martingales
of real or complex valued functions. Various authors have continued the work;
among them being A. and C. Ionescu-Tulcea [9], who generalized the earlier work
by considering martingale convergence theorems from the point of view of abstract
ergodic theory; Chatterji [4], who generalized his earlier work by making certain
assumptions on the range space of the martingale of functions; and Métivier [14]
and [15] who has treated in detail not only the earlier problems but also related
problems dealing with both weak and strong martingales and martingales with
values in locally convex linear topological spaces.

In one of his papers [15, Theorem 11] Métivier proved a theorem characterizing
those Banach space valued measures which admit a representation as an indefinite
Bochner integral with respect to a finite nonnegative real valued measure. More
recently, Rieffel [16] gave a different, but related, characterization of such vector
valued measures. Since the connection between the theory of derivations and the
theory of convergence of martingales is well established, a natural problem is to
use the above mentioned Radon-Nikodym theorems of Métivier and Rieffel to
obtain a characterization of norm convergent Banach valued martingales and other
results. The purpose of this paper is to do exactly this.

The first section is concerned with preliminaries which establish the setting for
the work which follows. The second section, which is the main section of the paper,
is devoted to characterization of norm convergent martingales in certain Orlicz
spaces L® of vector valued functions. The third section continues with an extension
of theorems of Doob, Krickeberg and Chatterji dealing with measure convergence
and almost everywhere convergence of L!(¥)-bounded martingales. Finally, in §4,
the Radon-Nikodym-Bochner theorem for finitely additive measures is generalized
to the vector valued case.

1. Some preliminaries. Throughout this paper, unless otherwise noted, (2, Z, n)
is a fixed finite measure space; i.e. s is a countably additive nonnegative real valued
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finite set function defined on a o-field X of subsets of the point set Q. X is a Banach
space, ® is a Young’s function [22] with complementary function ¥'. L(Q, Z, u, ¥)
(=L®%, %)) is the collection of all totally p-measurable [6, I11.2.10] X-valued
functions f which satisfy [, ®(| f]/k) du < oo for some k >0. Upon the introduction
of the equivalent norms

mm=m@>qumm@§@
or

o =sup{[ Iflgauig>0 [ ¥@dus1}

[10, pp. 19, 22] and the identification of functions which differ on at most a p-null
set, L®(u, ¥) becomes a Banach space. If there exists a constant k such that ®(2x) <
k®(x) for all real x, ® is said to obey the A,-condition. L!> L®, and all L? spaces
12 p <o are found among the L® spaces with ® obeying the Aj,-condition. When
@ obeys the A,-condition, simple functions are dense in L®(p, X). In addition

LEMMA 1. Let & be a subfield of Z such that the o-field generated by F is .
If @ obeys the Ay-condition, then the linear span of the set

{xxg : x€ X, Ec F}
is dense in L®(u, X). (Here xg(w)=+1, w € E; xz(w)=0, w ¢ E.)

The proof, which will be omitted, follows quickly from the facts that simple
functions are dense in L®(u, X), and that lim, g, ., Ne(xxz)=0 for all x € X, and
that for E € X, there exists [6, IIL.71] {E,} =& such that lim, , , p(E,AE)=0 where
ENE=(E,—E) vV (E-E,).

DEerFINITION 1. Let fe L'(u, ¥) and B be a sub-o-field of 2. A function g € L*(u, X)
is the conditional expectation of f given B, if g is B-measurableand [, fdu=, g du
for all E € B. In this case one writes E5(f)=g. Here, as throughout, the integral
is that of [6, Chapter III].

The operator E? is defined for all fe L'(u, ¥) and when considered as an
operator E&: L®(u, £) — L®(u, %) is a linear contraction.

DEFINITION 2. Let T be a directed set and {B,, € T} be an increasing net of
sub-o-fields of X; i.e. 7, <, implies B, <B,,. {f;, B;,, 7€ T} is a martingale in
L(u, %) if each f; € L%(u, X) and 7, £ 7, implies EBu(f,,)=f, .

This section will be terminated with a lemma which will be employed crucially in
the next section. It is only a slight modification of a well known result.

LEMMA 2. Let ® obey the A,-condition. A martingale {f,, B,, T € T} converges in
the L® norm if and only if there exists a function f € L*(u, X) such that

lmfﬁ¢=ff@
- T E E
for all E€ U, B,.
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Proof (Sufficiency). Since {B,, r € T} is an increasing net of o-fields, it follows
easily that |, B, is a subfield of 2. By standard techniques, without loss of general-
ity it will be assumed that the o-field generated by |, B, is Z. Now let ¢>0 be
given. By Lemma 1, there exists a function f,=2>7; x;xz, : x,€ X, E; €U, B,
such that Ng(f—f;)<e/2. Since {B, r €T} is an increasing net, there exists a
7o € T such that for all 7= 7, {E}}~,< B,. Hence for r= 1, E&(f,)=f,. Moreover
for 27y, [ f, du=[, f;, du for E € B, by the martingale property. It follows that
E(f)=f,.

Therefore for 72 7,
No(f—f) £ No(f=f) + No(fe—f2) = No(f—f)+ No(EP(fe—f)) S 2No(f—12),

since EB: is a contraction, <2¢/2=e, by the choice of f,. This establishes the
sufficiency of the condition.

To prove the necessity, suppose lim, f,=fin N, norm. Then since the operation
defined for g e L%(u, X) by g——>ngdp,, is a bounded linear operator for each
E e, it follows that

i = [ o

for all E € |, B,. This proves the necessity and the lemma.

2. The mean convergence of Banach valued martingales. This section is devoted
to characterizing those martingales {f;, B,, 7 € T}<L®(u, ¥) such that

lim No(f;—f) =0

for some fe L%u, X) when @ obeys the A,-condition. Some results along these
lines have been obtained by Chatterji [3] and [4], Scalora [17], A. and C. Ionescu-
Tulcea [9], and Métivier [14] and [15]. Although the conditions given in Theorem 2
below bear some relation to those of Métivier [15, Theorem 4, p. 190] it is believed
that Theorem 2 is the first theorem which provides a necessary and sufficient
condition for a martingale to converge in the mean. The proof of that theorem
hinges on the following proposition which is basic to all of the considerations of
this paper. Essentially, it translates the Radon-Nikodym theorems of Métivier
[15, Theorem 11] and Rieffel [16] into a form usable in the present context.

(In the statement of Proposition 1 below, the wording ...weakly (norm)
compact...” refers to two separate conditions. The proposition is true if read
‘. ..a weakly compact...” and it is equally true if read ““. . .a norm compact...”.
Thus Proposition 1 is actually two separate propositions. This wording is employed
in the interest of economy of space and will be used in other statements in this

paper.)
PROPOSITION 1. Let X, be subfield of = such that X is the o-field generated by Z,.
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Let p be a finite nonnegative measure on X. If F is a countably additive X-valued
measure defined on X, then F admits the representation

F(E) = Lfdy, EeX,

for some fe L*(u, %) if and only if
(i) F is of bounded variation;
(ii) F is u-continuous; i e.
lim |FE)| =0,
u(E)->0

and

(iii) Given >0 there exists a weakly (norm) compact convex subset K< X such
that for any 8>0 there exists E, (=FEy(e, K, 8)) €Zy with w(Q—Ey)<e and
F(E) e W(E)K+8U for all ESE,, E € X, where U is the closed unit ball {|x| <1}
of X.

Proof (Sufficiency). Let F satisfy (i), (ii), and (iii). The argument of [19, p. 39]
shows that since F is u-continuous, F has a u-continuous (hence countably additive)
extension (still denoted by F) of bounded variation to Z. Now let £>0 be given
and by (iii) choose a convex weakly (norm) compact set K and sets {E,}< X,
w(Q—E,)<e such that

F(E) € W(E)K+n~2U

for ECE,, E€X,, n=1,2,.... Now consider Ey=Ilim sup, E,=N\y-1 Um=n En
By standard results of measure theory [8]

#()—e = lim sup u(Ey) = p(Eo)-

That is, u(Q— Ey)<e. Also if ECE,, E€ X, then E<|Jg_, E, for each n. Hence
if nis fixed and S,=E,, Sps1=FEns1—En, .., Snars1=Ensxs1—(ULtE E), ...
then the sequence {Sn}-, is disjoint and E<|Jmx-, Sn. Moreover since F on Z is
countably additive,

F(E) = F(E A (mO s,.)) = ,,2. FEENS,).

Next note that E N S, < S, < E,, for all m=n. Therefore, according to [6, III. 7.1],
there exists for each m, a sequence {H,,}< Z,, which may be assumed to satisfy
{H,}< E,, such that lim; u((E N S,)AH,;)=0. The p-continuity of F and the
identities
WGy A Gg) = w(G—G2)+p(G2—G)
and
F(G,)—-F(G,) = F(G,—G;)—F(G;—G)
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guarantee that lim; F(H,,;)=F(E N S,) strongly in X, and lim; u(H,,;)=p(E N Sy,),
mzZn. Since H,,,<E,, x,; € K and y,,; € U can be chosen such that

F(Hpy) = p(Ha)Xm+22  m2zmj2z 1.

Since K is weakly (norm) compact, the Eberlein-Smulian theorem guarantees that
it can (and will) be assumed without loss of generality that lim; x,;=x, € K exists
in the weak topology of X. But then for m=n

[FE N Sp)—pw(E N Sp)xn| = lim inf | F(Hong) = CH g X |
< lim sup =2y | < m~.
Hence for each m2n, one can write ’
FEENS,) =wWENS)W,+m2Z,
where W,, € K and Z,, € U. Then

FE) = 5 FEAS) = S WE N S)Watm™iZ,)

= S wEA St S moz,,
m=n m=n

since both series are absolutely convergent. Rearranging yields

-] -]
Z m-2Z,| < Z m~2,
m=n m=n

\F©)- 3 wE o sow,

Now, note that

8

WE O\ S W = w(E) Y "—‘%%)S—) W (0/0 = 0).

m

But since K is convex and closed, and >3_, u(E N S,)/u(E)=1,

_ S WENS,)
K,,_"Zn pe3) W, eK.

Moreover,
0 < lim |F(E)—w(E)K,| £ lim > m~2=0.

It follows that F(E) € u(E)X for all ECE,, E € X. This shows that in the case K is
weakly compact that F satisfies the hypothesis of the Radon-Nikodym theorem of
Meétivier [15, Theorem 11, p. 203], and in the case K is norm compact F satisfies
the Radon-Nikodym theorem of Rieffel [16, p. 466]. In any case there exists
f e LYp, X) such that

F(E) = L fdu, E€X

and in particular for E € Z,. This completes the proof of the sufficiency.



276 J. J. UHL, JR. [November

(Necessity). Suppose there exists f € L'(u, X) such that

FE) = L fdu, Ee%,

Then F has an obvious ‘““natural” extension to X, still denoted by F. Standard
properties of the integral show that F is u-continuous. Furthermore, it is well
known that the variation of Fis just [ | f] du<oo. Hence (i) and (ii) are satisfied.
Now let >0 be given. According to the Radon-Nikodym theorem of Rieffel [16,
Proposition 1.12, p. 472] there exists a set Ey€ X, u(Q—Ey)<e/2 and a norm
compact (hence weakly compact) set K, which by Mazur’s theorem may be assumed
convex, such that F(E) e u(E)K, ECE,, E€ZX. Next, let §>0 be given and by
[6, II1.7.1], choose Ej;e X, subject to u(E,A\E;)<B where B=min {¢/2, §/2m, o}
and m—1=max {|x|| : xe K}, and p(E)<o, «>0, implies |F(E)|<8/2. Then
w(Q=E)S u(Q—Ep)+w(E,N\E;)<ef2+¢/2=¢. Now let E€ E;, E € Z,. By hypoth-
esis there exists x € K such that F(E N Ey)=u(E N Ey)x. For this x, one has

|F(E)—i(E)x| £ |F(E)—F(E N Eo)|+ |w(E N Eo)x — p(E)x]|
£ |F(E—Eo)| + |x|m(E—Eo) < 8/2+8/2

by the choice of B and the fact that E— E,< E;— E,. This proves the necessity of
the condition and the theorem.

The following result, which characterizes mean convergent martingales in certain
L®(u, X) spaces is the main result of this paper.

THEOREM 2. Let ® obey the A,-condition and let {f,, B,, T € T} be a martingale in
L®(u, X). The net {f,, v € T} is convergent in the L*(n, X) norm if and only if

(i) there exists a constant m < oo such that sup,.r No(f;) Sm;

(ii) {f;, 7 € T} is terminally uniformly integrable; i.e. given ¢>0 there is a >0
and an index 1o € T such that p(E) <8 implies [, | f.| du<e, 12 7o; and

(iii) given e>0 there exists a weakly (norm) compact convex set K< X such that
SJor any 8>0 there is an index v, €T and a set E, € B,, u(Q—E,) <e satisfying
T2 1o implies

Lﬂ d € p(E)K +8U

for all ECE,, E€B,.
In the case that V', the Young’s function complementary to @, satisfies ¥ (x) < oo
for x <o (ii) above is implied by (i) and may be dropped.

Proof. Without loss of generality, it will be assumed throughout the entire proof
that X is generated by U, B..

(Necessity). Suppose that lim, f;=f in the L® topology. Then lim, Ng(f,)
= Ng(f). On the other hand since E® is a contraction, the fact that {f;, B,, 7€ T}
is a martingale ensures that {Ny(f;), 7 € T} is an increasing net. Therefore Ng(f;) =
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No(f). This proves (i). To prove (ii), note that L® convergence implies L' con-
vergence. Hence

im [ [ 10 = [ 171 ] 5 tim [ 171 o 5 tim 10 = 0

uniformly in E € Z. (ii) follows immediately from the pu-continuity of the indefinite
integral [, | f] du. To prove (iii), let ¢>0 be given. By Proposition 1, there is a
weakly (norm) compact convex subset K< X such that given any 8 >0 there is an
E; € |, B, such that

f fdu e W(EYK+5U,

EcE,;, E€ |, B,. For a fixed >0 select =, € T such that E; € B, . Then for 7o <~
and E € B,, E< E,, one has, by the martingale property

L fidu = L fdue p(E)K+5U.

This proves the necessity.
(Sufficiency). The sufficiency will be proven first for L'(u, X). Define the set

function F on |, B, by
F(E) = lim f fide, EcUB.
1 E 7

The martingale property ensures that the defining net on the right is eventually
constant for E € |, B;, and hence F is well defined and obviously finitely additive.
From (i), for any finite disjoint collection {E,}*_ <, B,,

> 1FEN = 3 [iim | f:dnU
n=1 n=1 T En
=S| e s [ 1rd e s
n=1 Eyn 0

for 7o € T chosen such that {E,}7.,<B,,. Hence F is of bounded variation. (ii)
clearly implies the u-continuity, and therefore the countable additivity of F.

To complete the proof of the sufficiency in the L(u, X) case, by Lemma 2, it
need only be shown that there exists f € L'(u, %) such that

F(E) = lim L fidu = L fdu, EcUB,

This is clearly the same as showing F has a Radon-Nikodym derivative. Let ¢>0
be given and let K be as in (iii). By (iii) for any fixed choice of >0 there exists an
index 7 € T and E, € B, , u(Q— E,) <e such that [ f; du € u(E)K+8U for ECE,,
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Ee B, 727, So, let ESE,, E€ |, B, be arbitrary, then E € B,  for some 7,27,
and

F(E) = f Sy dp € p(E)K+8U.
E
Hence, by Proposition 1, there exists f € L*(u, X) such that

FE) = [ fdu=tim [ f,d

for E € |, B,. This, combined with Lemma 2 completes the proof in the Ll(x, %)
case.

Moving to the general case, assume (i), (i) and (iii) hold. Since u(2) <00, Ng
dominates the L'(u, ¥) norm, and the martingale converges in L(u, X), by the
above, to a function f € L*(u, X). Clearly f satisfies

limff,dy.=ffdn for Ee U B..
T E E T

Since {f;, € T} converges to f in L(u, X¥) norm, there exists a sequence of
indices {r,}<T such that lim, ||f;,—f|.=0 and such that lim, f; (w)=f(w) a.e.
But since No(f;,) =M

[ easa+ydu st foralln,

and by Fatou’s lemma,

[ o1+ 1) du  timinf [ oL 1M+ 1) do 5 1.

Hence f € L%y, %), and since lim, |, f, du= [, fdu, E € U, B,, an application of
Lemma 2 concludes the proof of the sufficiency.

To complete the proof of the theorem, suppose ¥, the Young’s function com-
plementary to @ satisfies ¥ (x) <o for x <co. Assuming (i), one has

[ 1Al = [ 1fils e 5 Mo sl S M Ixl-

But lim,g o ||xz|e=0, provided ¥'(x) <co for x <co. Hence the net {f,, 7€ T} is
uniformly integrable and a fortiori satisfies (ii). Q.E.D.

Specializing Theorem 2 to the case where the index set T is N, the positive
integers with the natural order, is the following theorem.

THEOREM 3. Let {f,, B,} be a martingale satisfying the hypothesis of Theorem 2.
If fo is the L*-limit of {f,}, then lim,,_, , f(w)=f(w) for p-almost all € Q.
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Proof. This is a consequence of a theorem [9, p. 189] due to A. and C. Ionescu-
Tulcea which asserts that a mean convergent martingale converges almost every-
where to its L'-limit. Q.E.D.

Theorem 3 can be weakened somewhat. This is the topic of §3.

3. L*(u, X)-bounded martingales. This section is concerned with supplying
sufficient conditions for an L!(u, X¥)-bounded martingale to converge in measure
and almost everywhere. The classical result in this direction is due first to Doob
and later to Krickeberg who proved that if {f,, B,, r € T} is a martingale of real
valued functions with ||f;]|; £ M < oo then the net {f,, r € T} converges in measure
to a function f € L'(u) and if T= N, the positive integers, then this convergence is
also u-almost everywhere. Recently, in the case T=N, Chatterji [4, Theorem 2]
generalized this to X-valued functions by placing certain convenient assumptions
on the Banach space X. In this section results are obtained by placing assumptions
on the martingale itself. It will be shown that the results here subsume all of the
above mentioned results.

THEOREM 4. Let {f,, B,, € T} be a martingale in L*(n, X) satisfying
(i) sup; [, |fill dus M <o0; and
(ii) for each ¢ >0 there exists a weakly compact convex set K such that given >0
there is an index v, € T and E, € B, n(Q— E,) <& such that for 72 7,

J;-:ft dp e wW(E)K+8U

Sfor all EC E,, E € B, then there exists f € L'(u, ¥X) such that lim, f,=f in u-measure.
If, in addition, T= N, then lim, _, , f,(w)=f(w), strongly in %, a.e. [u] as well.

Proof. As in the proof of Theorem 2, define F on the field |, B, by

F(E)=limff,d;x, EcUB.
T E T

Then, as in the proof of Theorem 2, F is finitely additive, and (i) implies that F
is of bounded variation. Following standard methods [4, p. 57], one can write
F=G+ H, where G and H are X-valued finitely additive set functions of bounded
variation where |G|, the variation of G is singular with respect to u (i.. given
e>0, 8>0 there exists E€ | J, B,, p(E)<e, |G|(Q—E)<3$8), and H is a countably
additive set function which is u-continuous. First it will be shown that there is an
h e L*(u, X) such that H(E)= [, hdu, Ec |, B..

For this, note that H satisfies (i) and (ii) of the hypothesis of Proposition 1.
To show that H satisfies (iii) of that hypothesis, let ¢>0 be given and choose a
weakly compact convex set K such that for any 8 >0 there is an index 7, € T and
E, € B, u(Q— E;;) <¢/2 such that == 7, implies

[ frduenmr+@Emy,
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E<E,, E € B,. Now let >0 be fixed. Choose the corresponding index 7, € T and
set E, € B,, as above; also choose E'e | J; B, such that u(£)<e/2 and |G|(Q—E)
<8/2. Setting E; =E, N (Q—E), and choosing 7, 2 7, such that E, € B;, one has
wW(Q—E;)<eand for 7=z,

L £, du e W(EYK+(3/2)U,

EeB, ECE,cE, But for E€ B,, F(E)=[, f, du, by the martingale property.

Hence
F(E) € W(E)K+(8/2)U,

ECE,. But |H(E)— F(E)| £ |G(E)| £|G|(F) £|G|(Q— E)< 8/2, ESE\,E€ U, B..
Hence
H(E) e y(E)K+8U.

This shows H satisfies (iii) of Proposition 1 and therefore establishes the existence
of h e L'(u, %) such that

H(E)=f hds, EeUB,
E T

Next, define h, by h,=E?®(h) and note that for E € B,, F(E)={, f, du. Hence
for E€ B,, G(E)={g (f,—h;) du. Since f,—h, is B,-measurable there exists a B,-
measurable g, (=(f, — h,)) such that G(F) =IE g, du, E € B,. Alsosince {f,, B,, e T}
and {h,, B,, 7 € T} are martingales, so is {g,, B,, 7 € T}. Moreover, {h,, B,, re€ T} is
an L'-convergent martingale by Lemma 2 since lim, [ h, du=[ hdp, E€ B,
Since this martingale is convergent in L(u, %), it is also convergent in p-measure
to hy € L (u, %).

Finally, it will be shown that lim, g,=0 in u-measure. For this, let 0<e<1 and
8>0 be given. Since |G| and p are singular, there exists E € {_, B, such that

wQ—E)+|G|(E) < 8¢/2.
Now choose an index 7, € T such that E € B,,. Then for any 7= 7,

o : gl > &) = pfw ¢ E : glw)]| > H+pwe E: glw)| > &)

IIA

#(Q—E)+(1/e) | &l du

En{w:ligy@)|l > &}

< wW(Q—-E)+(1/e) fE &l d

= W(Q-E)+(1/)|G|(E),

since [, | & du=|G|(E)<8¢/2+(1/e)8¢/2< 8, by the choice of E and e. This
implies lim, g,=0 in u-measure and that lim, (h,+g,)=h, € L*(1, X) in p-measure.
This completes the proof of the first statement.
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To finish the proof of the theorem, let T=N, form the martingales {f,, B,},
{gn B.} and {h,, B}, f,=g.+h, as above. As noted above, lim,_, h,=h, exists
strongly in L*(x, X). Therefore, a theorem of A. and C. Ionescu-Tulcea and Neveu
[15, p. 189], [9, p. 117], lim, h,(w)=hy(w) strongly in X for u-almost all w € Q. On
the other hand, {| g/, B.} is an L'-bounded submartingale which converges to
zero in measure and therefore almost everywhere. Hence lim,, f,(w)=ho(w) strongly
in X for p-almost all w € Q. Q.E.D.

It is not immediately obvious that this theorem does, in fact, contain the result
of Chatterji [4, Theorem 2] as advertised. To proceed in this direction, a definition
is needed. A Banach space X has the Radon-Nikodym property with respect to u
if every X-valued p-continuous countably additive set function of bounded variation
defined on X admits the representation

F(E) = L fdu, EeS

for some fe L'(n, X). All reflexive spaces and separable dual spaces have the
Radon-Nikodym property with respect to an arbitrary finite measure p.

The next result shows (ii) of the hypothesis of Theorem 4 is redundant in the
case that ¥ has the Radon-Nikodym property with respect to p.

THEOREM 5. Let X have the Radon-Nikodym property with respect to u. Then any
martingale {f., B,, v € T} with

sup |/l € M < 0

has the property that given an ¢>0 there exists a norm (hence weakly) compact
convex subset K< X such that for any choice of >0 there is an index v, € T and
E, € B,, with u(Q— E,) <& such that for vz 7,

f £, du € W(E)K+8U
E
for E<E,, E€ B,.

Proof. As in the proof of Theorem 4, write lim, [ f, du=F(E)=G(E)+ H(E),
E e |, B,, where by the current hypothesis, F is of bounded variation and so are
G and H. H is p-continuous and countably additive, while G is singular with respect
to u. Now, as in [19, p. 39] H has a u-continuous countably additive extension of
bounded variation to o(|_, B,). Therefore since X has the Radon-Nikodym property
with respect to u there exists h € L'(u, X) such that H(E)= [, h du for all E€ |, B..
Now let £>0 be given. According to Proposition 1, there exists a norm compact
convex set K such that for any fixed §>0 there is E' (=E'($, K)) € |, B, with
p(Q2—E’) <e/2 such that

H(E) € w(E)K+(8/2)U.
Also since G is p-singular, there exists a set E” € |, B, with u(Q—E") <¢/2 and
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|G|(E") < 8/2. (|G| is the variation of G.) Setting Eo=E' N E”, one finds easily that
w(Q—Ey) <e and F(E) € wW(E)K+8U for E<E,, E€ |, B,. But if 7, € T is chosen
such that E, € B, then

f f.du = F(E) € W(E)K+ U

for r= 1, and E<E,, E € B,. This completes the proof of the theorem.
An immediate consequence of Theorems 4 and 5 is

COROLLARY 6 (CHATTERJI [4, THEOREM 2)). If X satisfies the Radon-Nikodym
property with respect to u then any martingale indexed by N, {f,, B,} with

sup [ 1fill du s M < oo

converges almost everywhere.

Theorem 5 can also be used to deduce the theorems of Scalora [17], Chatterji [3]
and Ionescu-Tulcea [9] on mean convergence directly from the sufficiency part of
Theorem 2.

4. A generalization of the Radon-Nikodym-Bochner theorem. Although the
Radon-Nikodym theorem fails when the assumption of countable additivity is
weakened to finite additivity, Bochner [1], [6, IV. 9.14] proved the following
theorem.

THEOREM (BOCHNER). Let F be a field of subsets of a point set Q. Let p be a
nonnegative finite finitely additive set function defined on &. If F is a real valued,
finitely additive function defined on %, of bounded variation and ji-continuous, then
for each £>0, there is a p-integrable simple function f, such that the function F,
defined by the equation F,(E)= |, f, du, E € & satisfies the inequality |F— F,|(Q) <e.

This theorem has been treated at length in the literature [2], [13], and [7]. In [19,
Theorem III. 3] the author generalized this theorem to include X-valued functions
for reflexive Banach spaces X. The purpose of this section is to use Proposition 1
to characterize, for general Banach spaces X, the ¥X-valued finitely additive set
functions which allow such an approximation. The integral is that of [6, Chapter
I1I1].

THEOREM 6. Let F be a field of subsets of a point set Q. Let u be a nonnegative
finite finitely additive set function defined on X. Let F be a finitely additive X-valued
set function defined on #. Then for each >0 there exists an X-valued p-integrable f,
such that the function F, defined on & by the equation F(E)=|,f, du, Ec %,
satisfies |F— F,|(Q) < e if and only if

(i) F is of bounded variation,
(ii) F is p-continuous, and
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(iii) given >0 there exists a weakly (norm) compact convex subset K< X such
that for any 8>0 there exists E, € F, u(Q—E;)<e such that F(E) € p(E)K+8U
for E<E,, Ec #

Proof (Sufficiency). By [6, IV. 9.10-11] there exists a totally disconnected
compact Hausdorff space S; such that

(a) Z,, the field of all clopen subsets of S; is isomorphic to & under a Boolean
isomorphism 7: ¥ — X,; and

(b) every finitely additive real valued set function on X, is countably additive.

Define F, and p; on %, by F,(#(E))=F(E) and p,(7(E))=p(E), respectively.
Now, p, is finite and has a unique extension, still denoted by p,, to o(Z,), the
o-field generated by X,. Also since p, is countably additive and F; is clearly p,-
continuous on X,, F; is countably additive. Now, to prove the sufficiency of the
stated conditions let ¢>0 be given, and note that because of the action of the
isomorphism r: % — X,, F, evidently satisfies the hypothesis of Proposition 1.
Hence there exists a pu,-measurable function f;: S; — ¥ such that

Fy(E) = Lfl du, EeS.

But simple functions of the form f=3}.; xixuz, Ei € Z, are dense in L(y,, X) by
[6, II1. 8.3]. Hence there exist {E;}}- ;<% and {x;}}.,< X such that the u,-simple
function g, =371 Xixua, satisfies [ [ fi—g1] duy <e. Now define f; on Q by f,=
Si.1 Xixg, and F, on & by the equation F,(E)==_ f; du, E € % Then clearly

|F—F,|(Q) £ |Fi—G,|(S;) (actually there is equality here)
- [ 1l du <,
S

where Gl(E)=fE g1 du,, E € o(Z,). This proves the sufficiency of the stated con-
ditions.

To prove the necessity of the conditions, note that (i) and (ii) are clear. To prove
(iii), choose the u-simple functions

fu = Z XniXEni> xnu€ X, E, € Z,
i=1
FAE) = f fody, Ec#
E

such that |F— F,|(Q) < 1/n. Define £, on S; by

Mn
f:l = Z XniX1(Eny)*
i=1

Since
f o=l oty = f Lol du
Sy Q
< |Fa—F|(Q)+|F=F,|(Q) < l/n+1/m,
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it follows that f, is a Cauchy sequence in L!(u,, ¥) and hence converges to a
function f'e L (u,, X). Let £>0 be given. By Proposition 1, there exists a weakly
(norm) compact convex set K< X such that given 6>0 there is 7(E;) € Z; (2,
generates a(Z,)) p,(S; —7(E;)) <e and

f  Jdin & pu(rEDK+BU

for ECE; (i.e. 7(E)<(E,;), E€ %). But

f fodu = f 7 duy
E 7(E)

and
F(E) = limf fdu = limf Fodw = fdu
n E n (E)

U(E)

for all E e & Hence
F(E) = j Fduy € p(r(EYK+5U = p(E)K+8U
«(E)

for EC E,, E € #. This proves the necessity of (iii) and the theorem. Q.E.D.
REMARK. Theorem 6 provides an explicit characterization of the S(¥) subspaces
of the V(%) spaces studied in [19].

REFERENCES

1. S. Bochner, Additive set functions on groups, Ann. of Math. 40 (1939), 769-799.

2. S. Bochner and R. S. Phillips, Additive set functions and vector lattices, Ann. of Math. 42
1941), 316-324.

3. S. D. Chatterji, Martingales of Banach-valued random variables, Bull. Amer. Math. Soc.
66 (1960), 395-398.

4, , Comments on the martingale convergence theorem, Symposium on Probability
Methods in Analysis, Loutraki, Greece, Springer, New York, 1967.

5. J. L. Doob, Stochastic processes, Wiley, New York, 1950.

6. N. Dunford, and J. T. Schwartz, Linear operators. Part 1, Interscience, New York, 1958.

7. Charles Fefferman, A Radon-Nikodym theorem for finitely additive set functions, Pacific J.
Math. 23 (1967), 35-45.

8. Paul R. Halmos, Measure theory, Van Nostrand, Princeton, N. J., 1950.

9. A. Ionescu-Tulcea and C. Ionescu-Tulcea, Abstract ergodic theorems, Trans. Amer. Math.
Soc. 107 (1963), 107-125.

10. M. A. Krasnosel’skii and Ya. B. Rutickii, Convex functions and Orlicz spaces, Problems
of Contemporary Mathematics, GITTL, Moscow, 1958 and Fizmatgiz, Moscow, 1959;
English transl., Noorhoff, Groningen, 1961.

11. K. Krickeberg, Convergence of martingales with a directed index set, Trans. Amer. Math.
Soc. 83 (1956), 313-337.

12. K. Krickeberg and C. Pauc, Martingales et dérivation, Bull. Soc. Math. France 91
(1963), 455-543.

13. S. Leader, The theory of LP-spaces for finitely additive set functions, Ann. of Math. (2)
58 (1953), 528-543.




1969] RADON-NIKODYM THEOREMS 285

14. M. Métivier, Limites projectives de mesures. Martingales. Applications, Ann. Mat. Pura
Appl. (4) 61 (1963), 225-352.

15. , Martingales @ valeurs vectorielles. Applications a la dérivation des mesures
vectorielles, Ann. Inst. Fourier (Grenoble) 17 (1967), no. 2, 175-208.

16. M. A. Rieffel, The Radon-Nikodym theorem for the Bochner integral, Trans. Amer.
Math. Soc. 131 (1968), 466-487.

17. F. S. Scalora, Abstract martingale convergence theorems, Pacific J. Math. 11 (1961),
347-374.

18. Howard G. Tucker, 4 graduate course in probability, Academic Press, New York, 1967.

19. J. J. Uhl, Jr., Orlicz spaces of finitely additive set functions, Studia Math. 29 (1967),
19-58.

20. , The Radon-Nikodym theorem and the mean convergence of Banach space valued
martingales, Proc. Amer. Math. Soc. 21 (1969), 139-144.

21. , Martingales of vector valued finitely additive set functions, Pacific J. Math. (to
appear).

22. A. C. Zaanen, Linear analysis, North-Holland, Amsterdam, 1953.

UNIVERSITY OF ILLINOIS,
URBANA, ILLINOIS



